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Antennas on Circular Cylinders 
H. LOTTRUP KNUDSENt 
Summary-On the  basis of the  results  obtained by Silver  and 
Saunders [4] for the field radiated from an  arbitrary  slot in a  per- 
fectly conducting circular cylinder, expressions have been derived 
for  the field radiated by a narrow helical  slot, with  an  arbitrary aper- 
ture field distribution, in a  circular  cylinder. The  cases of a standing 
wave and a  progressing wave  aperture field are given  particular con- 
sideration. It has also been  indicated  how a finite  width of the  slot 
can  be  taken  into consideration. The  results for the helical  slot have 
been used for calculating the field radiated from a U-shaped slot 
antenna in a circular  cylinder. 
By a procedure similar to  the  one  used by Silver  and  Saunders, 
expressions  have  been  derived  for  the field radiated from an arbitrary 
surface  current  distribution on a cylinder  surface coaxial with a  per- 
fectly  conducting  cylinder. The  cases  where  the  space  between  the 
two cylindrical surfaces  have  the  same  characteristic  constants  and 
different constants  are  treated separately. 
Extensive  numerical  computations of the field radiated from the 
slot antennas  described  here  are  being  carried out, but no numerical 
results  are  yet available. 
INTRODUCTION 
D URIIKG the last ten or fifteen years, there has been a great interest in antennas on or near circular  cylinders. In  particular, a large  number 
of papers have dealt with the radiation from slots in 
such  cylinders. In 1958 the  author [1] gave a survey of 
the results of this work. The report containing this 
survey was made for the Martin Company, Littleton, 
Colo., by  the  P.E.C.  Corporation,  Boulder, Colo., 
and published by  this  corporation.  This  report  contains 
references to the literature, working formulas for the 
radiated fields, and a compilation of graphs of radiated 
fields, many of these  graphs published  for the first  time 
there. No derivations of the formulas are  given;  in col- 
lecting the  material  for  this  report, a bibliography  pub- 
lished by M7ait [2] in 1957 n7as found  very  helpful. 
Wait [3] has published a very useful monograph in 
which a large  amount of material is  compiled regarding 
the fields radiated  from  slots  in  circular  cylinders  and 
other  types of cylinders;  derivations of the  formulas  are 
given in the necessary detail, and  the meaning of the 
formulas are in many  cases  made  clear  by  graphs.  Much 
of the  material  in  the book is  due  to his  own  investiga- 
tions. 
The present  paper  deals  with  the field radiated from 
various  types of antennas  on or near  circular  cylinders. 
The work  described is a minor part of some  work  which 
the  author  undertook for the P.E.C.  Corporation on a 
contract with the Martin Company from September, 
1958,  until  June, 1959. 
Among the many excellent papers published during 
the  last  decade on the field radiated from slot  antennas 
in  circular  cylinders  one  paper, by Silver and  Saunders 
t The Technical  University of Denmark, Copenhagen, Denmark. 
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[4], is outstanding  in  this  author's  opinion.  Their  paper 
has served, or could have served, as a model for any 
paper dealing with the field radiated from a slot,  with 
a prescribed aperture field in  a  circular  cylinder  having 
a diameter of the  same  order of magnitude  as  the  wave- 
length. I t  has also served as the basis for all our slot 
antenna  computations  and  as a model for the  computa- 
tions  made here  regarding  the field radiated  from wire 
antennas near circular cylinders. We shall, therefore, 
start  by  stating  the  result of Silver and  Saunders in a 
form suitable for our own use. 
ARBITRARY SLOT IN CIRCULAR  CYLINDER 
For  convenient reference, me shall  state  here  the 
formula derived by Silver and Saunders for the field 
radiated  by  an  arbitrary  slot  in  an  infinitely long  circu- 
lar  cylinder.  Consider a circular  cylinder  with  radius a 
as shown in Fig. 1. A rectangular coordinate system 
z  ^
I 
Fig.  l-Arbitrary  slot  in  circular  cylinder. 
(x, y, z) is introduced  with  the axis of the cylinder as the 
z axis, and we further  introduce a cylindrical  coordinate 
system (p,  #, z) and a spherical  coordinate  system 
( r ,  6, #) related  in  the  conventional  way  with  the rec- 
tangular  coordinate  system. On the surface of the cylin- 
der is a slot of arbitrary  shape;  the  slot  is  situated in the 
region  between z =z1, and z =a (21 <z?) ,  and  it is  bounded 
bp  the  curves 6 = &(z) and 4 = #z(z). 
I t  is assumed that  the  tangential  component of the 
electric field strength in the  slot is described by 
E+ = {:1(4' in  the  aperture, 
outside the  aperture, 
E, = ( '~(4,  z)  in the aperture, 
outside the  aperture, 
where Fl(#, z) and &(#, z) are prescribed functions of 
4 and z. 
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Here, and in what follows, we use as a time factor 
eiot and define the wave number k = %/X where X is the 
wavelength. The components of the  lectric field 
strength  in  the  far zone field may  then be expressed as 
Er = 0, 
e-ik r - 5 .  j'1+'e-i"4 
= - 2n2r l,=--a sln 8H,,(2)'(ka sin 8) 
I,,(Y), 
where 
& ( E )  
I n ( K )  = S,:(dteikt cos 8 F,(& E)einDd/3 K = 1 and 2. 
61(E) 
In  carrying  out  the  above  integration, i t  is convenient 
to be able to use any  orthogonal  coordinates ( u l ,  ZCZ) on 
the  cylinder  surface which fit the  geometry of the  slot. 
For this purpose, we redefine the components of the 
aperture field P by 
E+ = 
{ : 1 ( , ~ 1 ,  zt?) in  the  aperture, 
outside the  aperture, 
E, = {o 
F2(u1,  u . )  in the  aperture, 
outside the  aperture. 
An element of length dl  on the cylinder surface r = a  
may now be expressed by 
d l  = . \ / ( h l d ~ 1 ) ~  + ( h , d ~ n ) ~ ,  
where k l  = h l ( ~ 1 ~  zl.2) and 1% = I z z ( u ~ ,  u2) are  functions of 
the  coordinates u1 and up. We  further  express 5 and /3 as 
functions of u 1  and U Z ,  
E = E(% U z ) ,  
B = P(z t1 ,  U ? ) .  
Often  the  tangential  electric field F(u1, u?) in the 
aperture is expressed as a certain constant voltage Vo 
divided by a certain  constant  length w and  multiplied by 
a normalized  dimension-free field distribution  function 
h 1 ,  uz) 
I t  may be convenient to further express the far zone 
field B(r ,  8, 6) in the following way 
- e-13 r 
E(?, e, 4)  = vo - q e ,  4). 
r 
The normalized  electric field strength 2(0,4) ,  which  does 
not  depend  upon r ,  has  the  components 
where in(') are dimension-free  quantities  given  by 
- e j [ k ~ ( u ~ ~ u d  M)J B + n ~ ( u ~ ~ u ~ ) l h l ( z ~ l ,  uz)hg(ul, 2i2)du1, du? 
K = 1 and 2 .  
This is a convenient formulation of Silver and Saun- 
ders'  results  for  many  practical  purposes. 
HELICAL SLOT I N  CIRCULAR  CYLINDER 
Arbitrary dper ture  Field 
Although there is a considerable practical interest 
attached  to  the use of inclined  slots  in a circular  cylin- 
der,  to  the  author's knowledge  no analytical  expression 
for,  and no  numerical  computation of, the field radiated 
from an inclined slot in a circular cylinder have been 
published so far. The  content of this  section  is a revised 
edition of part of a Master's thesis by Pedersen [ 5 ] ;  
the thesis  work n-as done  under  the  author's  direction  in 
II?th reference to Fig. 2, let us first consider an in- 
1958. 
q i  
Fig. 2-Helical slot in circular cylinder. 
finitely  narrow,  helical  slot  in an infinitely  long,  circular 
cylinder,  and  let us assume that  the field in  the  slot is 
prescribed. The  radius of the cylinder  is  called a. 
The centerline of the  slot  is  assumed  to be  a  piece of a 
helix with its midpoint  passing  through  the  point 
(x, y, z)  = ( a ,  0, 0) as shown  in  Fig. 2. The angle  which 
the helix forms with a plane transverse to the axis is 
called v. We  introduce a coordinate u along the  slot so 
that s=au is the  length of arc  in  the u direction. The 
ends of the  slot  are  assumed  to  be  situated at 
Authorized licensed use limited to: Danmarks Tekniske Informationscenter. Downloaded on September 25, 2009 at 08:37 from IEEE Xplore.  Restrictions apply. 
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The tangential component of the aperture field is as- 
sumed to be  transverse to  the  slot.  Denoting  by ? a unit 
vector pointing in such a direction transverse to the 
slot that  3x9 is a unit vector pointing normally out- 
wards from the cylinder surface, we may express the 
tangential aperture field by 
W 
where Vo has  the  dimension of voltage  and w the dimen- 
sion of length, whereby f(g) becomes dimension-free. 
We  may  think of w as the  width of the  slot  and of Vo as 
a reference voltage  across  the  slot. 
Using the general  formulas for the field radiated  from 
an  arbitrary  slot  in  a  circular  cylinder  given  in  the  last 
section, we may now obtain the following expressions 
for the  components of the normalized  electric field 
strength  radiated  from  the inclined slot 
cos 2 jn+le-in+jn e# = -~ ' 
279 sin 0 H , @ ) ( k a  sin e) 
1 m jne-indj, 9% C O S  v COS e 
e + = -  - sin z' + 
2r2 ,I=-x)  H,(2) ' (ka sin e) ka sin2 0 
where 
with 
K,, = ka sin v cos 0 + n cos 8. 
When  the  aperture field is  given, i e . ,  when f(o) is 
known,  the  integral j ,  may be  computed  and  the field 
found  from the  above  formulas. 
So far, we have  considered  only  infinitely  narrow 
slots. I t  is  desirable  also to have  formulas  available  for 
the field radiated  from  an inclined slot of finite  width. 
Considering an inclined slot with a finite width w, as 




Fig. 3-Inclined slot with finite width. 
ture field is transverse to the longitudinal direction of 
the  slot  and  that  the field does not  vary in the  trans- 
verse  direction, we find that  the  formulas for the  radi- 
ated fields given above should  be  replaced by 
cos 5 jn+le-jn9jn e o =  -- Pn ? 2r2 sin 0 H,("(ka sin 0) 







H ,  = ka cos v cos 0 - sin u. 
The present  formulas  differ  from the  corresponding ex- 
pressions  for an infinitely  narrow,  inclined  slot  with the 
same field distribution  only  by  the  factor P,, which is 
present here, but absent in the formulas for the in- 
finitely narrow slot. If we let  the  width, w, of the  slot 
tend  towards zero, we find 
lim P, = 1. 
The expressions for the components eo and e+, derived 
here,  then  converge  towards  the  expressions  for eo and 
e+ for an infinitely  narrow,  inclined  slot, as they  should. 
In  the following, only  the  expressions for an infinitely 
narrow  slot will be  stated. 
E-0 
Sinusoidal Aperture Field 
One use of the  above  expressions is for  obtaining an 
approximate expression for the field radiated from a 
plane,  inclined slot  with a sinusoidal  aperture field. 
A plane  slot  in  a  circular  cylinder  actually  is  part of an 
ellipse.  However,  when the  slot  is  short,  as  compared  to 
the circumference of the cylinder, it may be well ap- 
proximated by  part of a helix. The  theory  given  in  the 
last  section  may,  therefore,  be used in  finding the field 
radiated from such a slot. The length of the slot is 
called 1, and the center of the slot is assumed to be 
situated a t  (x, y, z) = ( a ,  0, 0). A sinusoidal field distri- 
bution  in  the  slot will then  be  expressed  by  the  normal- 
ized field distribution  function 
f(.) = cos - 6. Ira 
1 
Inserting this function in the above formula for the 
integral j,, we obtain 
2na I 
- COS K ,  - 
1 2a 
where K ,  is given  above.  This  expression  for j ,  should 
be inserted in the above expressions for the 0- and 4- 
Components of the normalized  electric field strength 2. 
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Setting Y = 0 in  the  formulas  described  above, we ob- 
tain  the well-known formulas for the field radiated  from 
a circumferential  slot.  On the  other  hand,  setting v = 90" 
in  the  above  mentioned  formulas, we obtain  expressions 
which are  identical  with  the well-known formulas for the 
axial  slot  found  in the  literature,  except for the  fact  that 
the  two  formulas  have  opposite signs. This difference  in 
sign is due to the circumstance that here the positive 
direction for the field in the  aperture is chosen as the 
direction of 6 (which in the case of the axial slots be- 
comes 6 = -4) whereas  in  most  papers  dealing  with_the 
axial slot, i t  is  customary  to choose the  direction of 4 as 
the positive  direction  for the  aperture field. 
In  the  above  investigation, we have  assumed  the  in- 
clined slot  to  be helical instead of being an ellipse as i t  
would be if the  slot were  formed by  cutting  the cylinder 
with  a  plane. The distance A between the  end  points of 
the  actual  elliptical  slot  and  the helical slot (see Fig. 4) 
is  approximately 
A = a sin v(c$,,, - sin &), 
where 
1 cos z' 
2a 
( p m = - .  
For  the special case of a half wavelength  slot,  the  relative 
distance E between the helix and  the ellipse at their  end 
points, defined as the  distance A divided by  the  length 
1 of  the  slot,  has  been  plotted  in Fig. 5. I t  is  seen from 
this figure that when the  diameter of the cylinder is one 
wavelength  or  more,  the  maximum  relative  deviation E 
between the  actual  and  the  approximating  slot  is  only 
a few  tenths of one  per  cent. 
From  the  above expressions  for the  components of the 
field radiated  by  an inclined slot  with a sinusoidal  aper- 
ture field distribution, we may  obtain  the following sym- 
metry  relations 
e d r  - e, -4) = e&, $1, 
e d r  - 0, -4) = e+(@, 4). 
Since these symmetry relations could also have been 
established directly by inspection of the geometrical 
properties of the  slot  and  its  excitation,  the  derivation 
of these  relations  furnishes a partial  check of the  above 
expressions. The preceding  symmetry  relations  seem 
generally to exhaust the symmetry properties of the 
field radiated from an inclined slot with a symmetric 
excitation.  However,  in special  cases further  symmetry 
relations may exist. For a circumferential slot (v=O),  
for example, we have further 
e@,  -4) = 4 4  $1, 




Fig. 4-Relative deviation of helical  slot from 








Fig. 5-Relative deviation of helical  slot from 
plane,  elliptical slot. 
For  an axial slot (v = 90°), we have  the following addi- 
tional  symmetry  relation 
e,$@, - 4) = e,$(& 4). 
All of the  previous  symmetry  relations  also hold for  the 
approximate field expressions obtained from the exact 
expressions by replacing the summation from - to 00 
by a summation  from --47 to A'. The  above  symmetry 
relations may therefore be used as a partial check in 
carrying  out  the  numerical  computations. 
Progressing Aperture W a v e  Field 
I t  has been suggested that  the field radiated  from a 
helical slot  in  a  circular  cylinder  with a progressing  wave 
in the aperture be investigated. We assume that the 
normalized aperture field distribution f(a) is a pro- 
gressing wave  given by 
f(.) = e-iplsou 
where p is the  quotient  between  the  velocity of light  and 
the velocity of the  aperture  wave field. Considering  only 
a helical slot with an integral number, of turns, we 
obtain,  by using the general  expression  for the  radiated 
field given  above,  the following  expression  for the nor- 
malized field a(0 ,  4) radiated  from  the  slot 
a(e, $1 = G(e)z*(e, 4 - (117 - I)..), 
where G(0) is the  array  characteristic of an  array of A7 
single  turns,  and  where a*(0, +) is  the field radiated  from 
Authorized licensed use limited to: Danmarks Tekniske Informationscenter. Downloaded on September 25, 2009 at 08:37 from IEEE Xplore.  Restrictions apply. 
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a single turn of such a helical  slot. The  components of 
the normalized electric field strength Z*(B, +) radiated 
from a single turn  are  given  by 
.[-sin ‘u + n cos 8 cos e 






Fig. &Helical slot with ( a )  an  odd  and 
(b) an  even number of turns. 
where p = ka (tan v cos f3 -p/cos v). 
I t  should be noted that the above relation between 
the field .? from a helical slot  with N turns  and  the field 
Z* from a single turn of this slot connects Z(0, +), not 
with Z*(f3, +), but  with Z*(t?, + - ( A 7 - 1 ) ~ ) .  This is  due 
to the fact that helical slots with an even number of 
turns  are  oriented  differently in the  coordinate  system 
(x, y, z) from the helical slot with an odd number of 
turns, in that the end-points of a helical slot with an 
even number of turns are situated on the line %=a, 
y=O, whereas the  end-points of a helical slot with an 
odd number of turns  are  situated  on  the line x=  --a, 
y = 0. This  is  illustrated in  Fig. 6 for the cases of N =  1 







\ I /  
7-U-shaped slot in circular cylinder. 
U-SHAPED  SLOT IN CIRCULAR CYLINDER 
One type of antenna  that seems to  be  generally used 
as a flush-mounted,  radiating  element in a circular 
cylinder  is a U-shaped  slot. In  this  section, expressions 
shall  be  derived  for  such an  antenna  under  the  assump- 
tion  that  the  slot  is infinitely narrow,  and  that i t  is made 
up of parts of three helical  slots. Only  the case of a  sym- 
metrical  slot  shall be considered  here. 
In  Fig. 7 is shown a symmetrical, U-shaped slot on 
the surface of a circular cylinder with radius a. The 
length of the  central  part of the  slot is  called t and  the 
length of the  outer  parts of the  slot d. A coordinate sys- 
tem ( x ,  y, z) is introduced  as  shown in the figure, so that 
the  midpoint of the  slot is  located at ( x ,  y, z)  = ( Q ,  0, 0). 
The slot is given a positive direction, and the angle 
which  the  central  part of the  slot so oriented  forms  with 
a  plane  transverse  to  the axis of the  cylinder  is called v. 
We introduce a dimension-free coordinate u along  the 
slot with a=O corresponding to one end-point of the 
slot,  and so defined that s=aa is the  length of the  arc 
along  the  slot.  The  aperture field in  the  slot is assumed 
to be everywhere transverse to the longitudinal direc- 
tion of the slot. The component F7(u) of the aperture 
field in the  transverse  direction,  counted  positive  from 
the “inside” of the slot towards the “outside,” is as- 
sumed to  be 
vo 
F,(a) = - sin qa, 
W 
where 
By  using the general formulas  given  above for the field 
radiated  from  an  arbitrary  slot  with  an  arbitrary  aper- 
ture field distribution, we then  obtain  the following ex- 
pressions  for the  components of the normalized  electric 
field strength of the field radiated from the U-shaped 
slot with  a sinusoidal aperture field distribution, 
l 5  jn+le-in+ e o =  -~ 2n2 sin 0 ,,=- H,(2) (ka  sin 0) Bn, 
1 “  jne-ind, n cos e 
e + = -  [An + T Bn], 2 ~ 2  ,,- Hn(2)’(ka sin e) ka sin2 e 
where 
A ,  = j,* cos v - j n @ )  sin v, 
B, = jn* sin v + j n ( z )  cos v, 
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with 
K,(l) = ka cos v sin 0 - fz sin c, 
K,@) = ka sin v cos 0 + 1% cos v .  
A partial check of the above formulas may be ob- 
tained  by  applying  them  to  the  case of d = 0, in  which 
case the U-shaped  slot  degenerates  into  an  ordinary  in- 
clined slot  with  the  length c. It  may  readily be verified 
that in this case the above formulas simplify to the 
formulas  obtained  previously  for a simple  inclined slot. 
ARBITRARY CURRENT DISTRIBUTION ON CIRCUL.lR 
CYLINDRICAL SURFACE COAXIAL WITH CIRCULAR, 
CONDUCTING  CYLINDER 
The author has been asked to solve the problem of 
computing  the field radiated from a helical wire, with 
a progressing  current  wave, coaxial with a conducting, 
circular cylinder. This problem may be considered a 
particular  case of the more general problem of finding 
the field radiated  from  an  arbitrary,  given  distribution 
of surface  current on a circular  cylinder  coaxial  with the 
conducting,  circular  cylinder.  Since  the  latter,  more 
general  problem  may  be  solved  with  only a little  more 
work than required for solving the particular problem 
of a helical current  distribution,  and  since  the  solution 
of the general  problem  may also have  practical  applica- 
tions to  other problems, we shall  here solve this  problem. 
Consider a perfectly  conducting  cylinder Lvith radius 
a and a coaxial,  circular  cylindrical  surface  with  radius 
b as shown in Fig. 8. In  formulating the problem, \\-e 
shall use cylindrical coordinates (p, @, z) with the axis 
of the  cylinder as the z axis,  whereas  for  espressing  the 
far zone  field, we shall use spherical  coordinates ( r ,  8, +), 
these coordinates being related to the cylindricai co- 
ordinates in the usual wa17. On the cylindrical surface 
with radius b,  a distribution of electric current is as- 
sumed  to  exist.  The  surface  current  density is assumed 
to be equal  to zero outside a finite  region (the  aperture), 
the circumference of which  is  given by  the  curves 
4 = 4 l ( z )  and 4 = + 2 ( ~ ) ,  these curves being confined to 
Fig. 8-Surface current distribution on circular cylindrical surface 
coaxial  with  conducting,  circular  cylinder. 
the region ~ 1 6 ~ 5 ~ 2 .  The  surface  current  density 
x(+, z )  =K+(+, z ) 6 + K e ( 4 ,  z)? is given  by 
krd = (s'(0, 4) in the aperture, 
outside  the  aperture, 
~= = { :2(0, 4) in the aperture, 
outside the  aperture, 
where Gl(O, 4) and G2(B, 4) are  prescribed  functions. The 
problem is to find the field that satisfies Maswell's  equa- 
tions  in  the  regions a <p < b and b <p < cc , the  boundary 
conditions at the metallic  surface p =u, the  saltus con- 
ditions at   the surface p = b ,  and  the  radiation  conditions 
a t  infinity (;.e.,  for Y+=). The  boundary  condition at 
r = a is expressed by 
for p = a, 
E, = 0 
and  the  saltus  condition  at p = b is expressed by 
-B1* + 8 2 6  = K,! 
H I ,  - Hzr = K * [  
and for p = b, 
El+ - E24 = 0 
Elr - E2= = 0 
where  index 1 refers  to  the  inside  and  index 2 to  the  out- 
side of the  surface Y = b. 
If the field set u p  by a Hertz  dipole  near a conducting 
circular  cylinder  were h o w n ,  the  solution  to  the  proh- 
lem formulated  above  could be obtained as a vectorial 
superposition of the fields set up  by  the  infinitely  many 
dipoles,  into which the  present  current  distribution  may 
be decomposed. Kow, the  far zone field of a  Hertz  dipole 
near a conducting  circular  cylinder has been obtained 
by  Carter [ti], who  first  computed  the  current  induced 
in a Hertz  dipole  near a cylinder by  an  incident  plane 
wave  and  then used the  reciprocity  theorem.  However, 
Authorized licensed use limited to: Danmarks Tekniske Informationscenter. Downloaded on September 25, 2009 at 08:37 from IEEE Xplore.  Restrictions apply. 
for the following three  reasons, we shall  here use a more 
direct  approach,  without  making use of Carter's 
results. 
1) I t  is  inherent  in  Carter's  derivation  that his results 
can  be used only  for  finding  the  far zone field. For 
some problems, i t   may be desirable to have for- 
mulas  available  for  the field a t   any  distance  from 
the  current  distribution. 
2) A certain  amount of work  is  necessary  for  arriving 
at the desired result using Carter's formulas. I t  
seems,  therefore,  more  motivated  to  spend  the 
energy in making a direct derivation of the for- 
mulas instead of using a method which depends 
upon  the use of the reciprocity  theorem. 
3) As has been pointed out elsewhere by  the  author 
[7] and by Kielsen [8], Carter's paper, the ex- 
cellence of which is undisputed, contains many 
trivial  errors. I t  seems,  therefore,  preferable to use 
a different and more  direct  method  for  obtaining 
the desired  formuIas. 
The method  which will be used  for  solving the  present 
problem  is  completely  analogous to  the  method used by 
Silver and Saunders [4] in finding the field radiated 
from an  arbitrary  slot  in a circular  cylinder. The surface 
current  density on the cylinder  may  be expressed by  the 
following  expansion 
e-ih(z--f)dd. 
The field outside the metallic cylinder is expressed by 
superposition of basic  sets of cylindrical  waves (see for 
example Stratton [9]). We have to use different ex- 
pansions in the region 1 (i.e., for a<p<b) and in the 
region 2 (;.e., for b < p  < 0s). The field in the region 
a(a= 1 or 2) may  be  expressed  by 
E,(*)(p, 4, 2) = E,(")(p, 4, 2 ;  lz)dh, 




a = 1 or 2 and Y = p, or 2. 
Region  1 
, m  r 
(n=-m L 
P 
and corresponding  expressions  for E + ( 1 ) ,  &('), 
and Xz(l), 
Region  2 
and corresponding  expressions  for Ep(?) ,  Xpez), X,(2) 
and X=("), where 
y = 2 / k 2  - h2, 
and where the  quantities an, b,, c,, d,l, e,, and f v l  are con- 
stants  to  be  determined  from  the  boundary  conditions 
and  the  saltus  conditions of the  problem. 
Inserting the previously determined expressions for 
the field components in the equations expressing the 
boundary  conditions  and  the  saltus  conditions, we find 
( A n  B n  Cn Dn 0 0 
E n F , O  0 0 0 
G n  Hn J n  Kn L n  1Mn 
X n  o,, 0 0 P, 0 
Qn R n  S n  Tn Vn 
0 0 x, Y, 0 2, i 
where 
. . .  . . . . . .  
. . . . . . . . . 
. . . . . . . 
Solving the preceding  system of six linear  equations 
and  inserting  the  expressions  for  the coefficients an to f, 
so obtained in the expressions  for the field components 
given  before, we obtain  the  expressions for the compo- 
nents of the electric and  the  magnetic field strength in 
regions 1 and 2. As an example of the expressions for 
these  twelve  quantities, we here  give the expression  for 
Ep (2) , 
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where r =  4 3  is the  intrinsic  impedance of free  space. 
In  the  far zone  field, those  parts of the expressions for 
the field components  in which p occurs  in  the  denomina- 
tor  are insignificant as compared to  the  remaining  parts 
of these expressions. Making use of this  fact, we notice 
that each  component of the electric field strength  may 
be  expressed as 
J -m I n=-m 
where 
s2,, = s”n(1)4h + S,,,(%Z, 
i,,, = L ( l ) %  + tnr(’)@z,  
and where the  index Y stands  for  one of the cylindrical 
coordinates p,  c$ and z .  The symbols s,,, and t,, stand  for 
one of the coefficients e,, and f,,, and  the coefficients sP 
and t,* are determined from the expressions for the 
various  components. 
In the expression  for the  components  in  the  far zone 
field, we now approximate  the  Hankel  function  and  its 
derivative,  both of argument ’yp,  with  the first term of 
the  asymptotic  expansions.  Introducing  further  spheri- 




E,(p, 9, z )  = 7 ej(;r‘4) 
as the variable may be obtained by using the saddle- 
point method. Silver and Saunders [4], in their paper 
on the field radiated  by  an  arbitrary  slot  in a circular 
cylinder,  have  made a saddle-point  evaluation of inte- 
grals of the above type. For large values of r ,  they 
hereby find 
Using this  approximation  in  the  previous  expression  for 
E,, we obtain the desired far zone expressions for the 
cylindrical components of the electric field strength. 
From  these  formulas, we finally  obtain  the following  ex- 
pressions for the spherical components of the electric 
field strength  in  the  far zone field. 
E, = 0, 
j”+le-j“4Sn(ka sin 8, kb sin 8)  
Hn(2) (ka  sin 8) 
E s =  - - 
where 
. 
pe-jn+ { 13 J,::E(: GIG, t)ejnBdB S_u l (~z )  CO CO ,7.(€) n = =  Ink) = dEejkc cos J GK@, [)ejnBdj3 x = 1 or 2 ,  
. e-ir(r sin Bfh  cos B)dh d l ( € )  
m and where we have  introduced  the  functions 
1- l3 l::E(: GB@, t)einBdB[ udh) 
--m Sn(x9 y) = J n ( x ) H n ( 2 ) ( y )  - Hn(2)(x)Jn(y), 
. e - j r ( y  sin B+h cos  0)dh } *  Vn(x,  y) = Jnl(x)H,,(Z)’(y) - a,,(’)’(X)J,,’(y). 
where In carrying out  this  integration,  it  is  convenient  to  be 
able to use any orthogonal coordinates (UI, U Z )  on  the 
%,(h) = [S,*Sv,,(~) - jt,*t,,(g)](k2 - hz)-llaeihE = 1 or 2. cylinder surface which fit the geometry of the aperture. 
For  this  purpose, we redefine the  components G, of the 
For large  values of r ,  ;.e., for  points  in  the  far zone field, surface  current  distribution G on the cylindrical  surface 
approximate  expressions  for  the  above  integrals  with k r = b by 
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R4 = { :l(ul, 212) in the “aperture,” 
outside the  “aperture,” 
Rz = {o 
Gz(u1, %2) in  the  “aperture,” 
outside the  “aperture.” 
An  element of length dl on the  cylinder  surface r = b may 
now be expressed by 
d l  = 2/(h1dUJ2 + ( h p d ~ z ) ~ ,  
where hl=h1(ul, U Z )  and hz=lzz(ul, u2) are  functions of 
the  coordinates u1 and 212. We  further  express p and E as 
functions of the  coordinates u1 and 242, 
P = H U l ,  2121, 
f = E(%, 2 4 .  
Often  the  surface  current  density ~ ( u I ,  U Z )  in  the  aper- 
ture is  expressed as a certain  constant  current Io divided 
by a certain  constant  length w and multiplied by a  nor- 
malized,  dimension-free  surface  current  distribution 
function g(u1, U Z ) ,  
We  also  introduce a normalized;  dimension-free  electric 




E(?, 8 , d  = u 0  - w ,  (PI, 
where, a s  usual, r= d$i is the intrinsic impedan of 
the free  space.  We  then  have 
j”+’e-jn+Sn(ku sin 8, kb sin 0) 
eo = ~ 
4a n=-m H , ( 2 ) ( k a  sin e) 
where 
It appears  from  the  preceding  expressions that when 
the surface current density is purely axial, ie., when 
gl(4, z) =0, then the radiated field will have no com- 
ponent in the &direction, ;.e., E4=0. On the other 
hand,  the  formulas  also  show  that  when  the  surface  cur- 
rent  density is purely  circumferential, ie., when 
gz($, z) =0, then  the  radiated field will have a 0 com- 
ponent  and a #J component  that  are  both  nonvanishing 
except  in  certain  directions, ;.e., in this case the  radiated 
fields ~7ill  in  general  be  elliptically  polarized. 
An obvious  way of establishing a current  distribution 
on a circular  cylindrical  surface  coaxial  with a circular 
conducting  cylinder  is to  coat  the  conducting  cylinder 
with a dielectric  or  permeable  material  and  then  to 
establish  the  current  distribution on the  outside  surface 
of this coating. The expression for the field radiated 
from the  current  distribution  on  this  structure  has  been 
obtained  by  an  analysis  similar  to  the  one  made  above 
for  the special case with no coating present. However, 
since the  resulting  expressions  are so complicated that 
their  practical  utility  may be questioned,  they  are 
omitted here. 
CONCLUSION 
I t  has been the object of this paper to obtain an 
analytical expression  for the field radiated  from  slots  in 
and from  wire antennas  near  conducting,  circular cylin- 
ders  under  the  assumption  that  the field in  the  slots  or 
the  current  in  the wires are given. All the  work  done  in 
this  report  on  the field radiated  from  various  types of 
slots in circular cylinders is based on the paper by 
Silver and Saunders [4] regarding the field radiated 
from an  arbitrary  slot  in a circular  cylinder;  this  paper 
has further served as a model for all the work done 
here on the field radiated  from  wire  antennas  near 
circular  cylinders. The  derivation of the  formulas 
in this report has, therefore, in principle been a fairly 
straightforward  matter.  However,  due  to  the complex- 
ity of some of the physical problems solved here, the 
derivations  have  in  several  cases become rather  involved. 
The expressions  for the far zone field in  all the cases 
treated in this paper are series expressions containing 
cylinder functions. In general, very little information 
regarding  the  radiated field can  be  obtained  by  inspec- 
tion of the formulas.  For  obtaining  the  desired  informa- 
tion,  numerical  computations  must  be  carried  out.  For 
cylinders  having a diameter of the  same  order of mag- 
nitude as the  wavelength,  most of the field expressions 
derived  in  this  report are well suited  for  numerical  com- 
putations.  Due to the complexity of the  formulas  and 
to  the large amount of parameter values for which i t  
will in  general  be  desirable to  have  numerical  computa- 
tions  carried  out,  the use of an electronic computer is 
strongly  indicated. 
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ADDENDUM 
When presenting this paper at the Toronto Sym- 
posium,  the  author  was  informed  by  Dr.  George  Sinclair 
that   part  of the  material  given  here on the inclined slot 
with a sine-shaped  aperture field is  contained  in an un- 
published  report  by  Sinclair,  “The  Distant  Field of an 
Arbitrary Slot Antenna in a Cplinder,” Antenna Lab- 
oratory, The Ohio State University, Columbus, 1950. 
This  report also contains  some  numerical  results, which 
will be very  valuable as a  partial  check of the extensive 
electronic  computer  computations we are  undertaking. 
BIBLIOGRAPHY 
H. L. Knudsen, “Radiation from Slots in Circular Cylinders,” 
P.E.C.  Corporation,  Boulder, Colo.; 1958. 
J. R. LVait, “A Survey of the Recent Literature on Slot Radia- 
tors,“  Natl. Bur. Standards, Boulder Colo., Rept. No. 5051; 1957. 
j. R.  IVait,  “Electromagnetic  Radiation  from  Cylindrical  Struc- 
tures,’’ Pergamon  Press, Inc., Xew York, N. Y.; 1959. 
S. Silver and 1%’. K. Saunders,  “The  external field produced by a 
slot in an infinite  circular  cylinder,” J. Appl.  Phys., vol. 21, pp. 
V. T. Pedersen, “UdstrHlet felt fra skrb slidseantenne i cirkulaer 
cylinder (Vdiated Field  from  Inclined  Slot  Antenna  in  Circular 
Cylinder), Master’s thesis, Technical University of Denmark, 
P. S. Carter,  “Antenna  arrays  around  cylinders,” PROC. IRE,  vol. 
Copenhagen,  Denmark; 1958. 
31, pp. 6 7 1 4 9 3 ;  December, 1954. 
H. L. Knudsen,  “Bidrag  til  teorien for antennesystemer med he1 
eller del\-is rotationssymmetri (Contributions to the Theory of 
Antenna Systems with Complete or in Part Rotational Sym- 
metry),” I kommission hos Teknisk Forlag, Copenhagen, Den- 
mark; 1953. 
eller dielektrisk cirkulaer cylinder  (Field  Radiated  from  Ring 
E. Nielsen, “Udstrblet felt fra ringkvasigruppe omkring ledende 
thesis, Technical L-niversity of Denmark,  Copenhagen,  Denmark; 
Quasi-Array”iround  Conductingor  DielectricCylinder),‘  Master’s 
1953. 
J. A .  Stratton, “Electromagnetic Theory,” McGraw-Hill Book 
Co., Inc., Yew  York, N. Y . ;  1941. 
7.15-749; August, 1950. 
Authorized licensed use limited to: Danmarks Tekniske Informationscenter. Downloaded on September 25, 2009 at 08:37 from IEEE Xplore.  Restrictions apply. 
